NUMERICAL WEIL-PETERSSON METRICS ON MODULI 
SPACES OF CALABI-YAU MANIFOLDS 



JULIEN KELLER AND SERGIO LUKIC 



Abstract. We introduce a simple and very fast algorithm that computes 
Weil-Petersson metrics on moduli spaces of polarized Calabi-Yau manifolds. 
Also, by using Donaldson's quantization link between the infinite and finite 
dimensional G.I.T quotients that describe moduli spaces of varieties, we define 
a natural sequence of Kahler metrics. We prove that the sequence converges 
to the Weil-Petersson metric. We also develop an algorithm that numerically 
approximates such metrics, and hence the Weil-Petersson metric itself. Explicit 
examples are provided on a family of Calabi-Yau Quintic hypersurfaces in CP 4 . 
The scope of our second algorithm is much broader; the same techniques can 
be used to approximate metrics on null spaces of Dirac operators coupled to 
Hermite Yang-Mills connections. 
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1. Introduction 

Research on differential geometry of complex manifolds has reached some impres- 
sive results on the existence of solutions to difficult non-linear PDE's. Yau's proof 
of Calabi's conjecture |Yau| and Donaldson-Uhlenbeck- Yau's proof of the existence 
of Hermite-Einstein metrics on stable holomorphic vector bundles [Donl] lUY] . are 
main examples of such theorems. Although only very rarely does one expect to 
find explicit formulae for the solutions, one can explore the geometry of the so- 
lutions using numerical methods. During the last years, several techniques that 
approximate Kahler-Einstein and Hermite-Einstein metrics have appeared in the 
literature, mainly due to |Don6] . 

In this paper we begin numerical work to study Weil-Petersson metrics on mod- 
uli spaces of such solutions. The main focus is on moduli spaces of complex struc- 
tures on polarized Calabi-Yau manifolds. First, we develop a fast algorithm that 
computes the metric by evaluating numerically the exact Weil-Petersson formula. 
Secondly, by using Donaldson's quantization link between infinite and finite G.I.T 
quotients, we introduce a sequence of Kahler metrics. We prove that the sequence 
converges to the Weil-Petersson metric on moduli of manifolds that carry Kahler 
metrics with constant scalar curvature (cscK metrics in short). Finally, we intro- 
duce an algorithm that computes such metrics and discuss an example. We hope 
this work illuminates the techniques and difficulties that appear when approximat- 
ing Weil-Petersson metrics on more general moduli spaces. 

Motivation for this work can be found in different sources. For instance, we 
find specially motivating the program by Douglas et. al. DKLRJ, building on the 
work by Donaldson |Don6j . to numerically compute Kahler metrics that appear in 
Calabi-Yau compactifications of string theory. Other source of motivation comes 
from the study of global Weil-Petersson geometry on moduli spaces of Calabi-Yau 
manifolds, |DL) . In this case, one of the algorithms introduced in this paper should 
allow to estimate Weil-Petersson volumes of moduli spaces in a sensible amount of 
time and with reasonable precision. 

1.1. Motivation. Many approaches to unify particle physics attemp to describe 
known physics by considering a simple field theory defined on a higher dimensional 
space, and taking four-dimensional limits. The idea, today known as compactifi- 
cation of a field theory, has inspired much work in the interface between geometry 
and physics. Determining the action functional for fields, in four-dimensional limits, 
and for a large family of compactifications, is the main mathematical motivation 
for this work. 

Remark 1. For the purpose of this introduction, by a field theory we mean a func- 
tional space M. of geometric data on a manifold Y (such as Riemannian metrics, 
connections on a principal bundle on Y, sections of vector bundles, . ..), with an 
action functional S: Ai — > K defined on it. 

A compactification is then a field theory on a D-dimensional space-time which 
is the product of the 4-dimensional space-time M 4 with a m-dimensional manifold 
X, the compactification manifold, carrying a Riemannian metric and other geo- 
metric structure corresponding to other fields in the theory. These must solve the 
Euler-Langrange equations associated to S, and preserve four dimensional Poincarc 
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invariance. The most general metric ansatz for a Poincare invariant compactifica- 
tion is 



gu 



g l0 



where the tangent space indices are < I < 4 + m = D, < /i < 4, and 1 < i < m. 
Here 77 M „ is the Minkowski metric, gij is a metric on X, and / is a real valued 
function on X. As the simplest example, consider the Z?-dimensional Hilbert- 
Einstein action for general relativity. In this case, Einstein's equations reduce to 
Ricci flatness of gjj . Given our metric ansatz, this requires / to be constant, and 
the metric gij on X to be Ricci flat. 

Typically, if a manifold admits a Ricci flat metric, it will not be unique; rather 
there will be a moduli space of such metrics. Physically, one then expects to find 
solutions in which the choice of Ricci flat metric on X is slowly varying in four 
dimensional space-time. General arguments imply that such variations must be 
described by variations of 4-dimensional fields, governed by an EFT. For simplicity, 
by this Effective Field Theory (EFT) we mean a four dimensional field theory that 
emerges in the small radius limit of X, when the geometric data onK 4 xX restricted 
to X satisfies the Euler Lagrange equations. Thus, the action functional of the EFT 
is defined on a functional space of geometric data on M 4 . 

Given an explicit parametrization of the family of metrics, say gij(t a ) for some 
parameters t a , the EFT could be computed explicitly by promoting the parameters 
{t a } to 4-dimcnsional fields {t a (x)}, substituting this parametrization into the D- 
dimcnsional action, and expanding in powers of the 4-dimensional derivatives. For 
the Hilbcrt- Einstein action, we find the four-dimensional effective action functional 



S^ T = f d^Vol scal(gu) 

d 4 xd m y y/det g(t)scal(g l} ) + 



(1.1) / d m y^/detgJY)g ik (t)g^(t)^-^ X f d 4 xdM^h(x) + . . . 



X 



where y % denotes a local coordinate chart on I, i 11 a local coordinate chart on 
K 4 , and scal(g) is the scalar curvature associated to the D dimensional metric. In 



general, a direct computation of (1.1 1 is impossible. This becomes especially clear 
when one learns that the Ricci flat metrics g^ are not explicitly known for the 
examples of interest. 

An interesting class of compactifications come from the field theory limit of 
string theories, where the space-time dimension is D = 10. Requiring JV = 1 
supersymmetry on the four dimensional EFT and the vanishing of torsion elements, 
fixes X to be a Calabi-Yau threefold. In this case, computing the four dimensional 
action functional for the {t a (x)} fields ( |1.1[ ) involves to know the Weil-Petersson 
metric on the moduli space of Kahler Ricci flat metrics on X. 

These theories contain other objects besides the space-time metric. For instance, 
in a heterotic string theory GSW] , the geometric content also involves a principal 
Es x _E 8 -bundle endowed with a gauge connection A; E% denotes the Cartan's excep- 
tional simple Lie group of dimension 248. In a Poincare invariant compactification, 
one defines the theory on a principal E 8 x i? s -bundle P — »• M 4 x X. For every 
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point x on X, the restriction of the principal bundle P to M 4 x x is trivial, i.e. 
P|]R4xa;^R 4 xX 1S equivalent to E% x R 4 . 

In the small radius limit of X one obtains an effective gauge theory on M 4 
with gauge group H, by expanding the Yang-Mills functional around a background 
reducible connection Aq on P — > M 4 x X. For simplicity, one considers a subgroup 
G of Es and takes to be a connection on a principal G-subbundlc of P — > M 4 x X. 
The gauge group if of the effective theory on M 4 is the commutant of G ^ E s . 
In many applications G is the special unitary group SU(r), with 2 < r < 6. The 
Euler-Lagrange equations associated to the Yang-Mills functional require A to be 
a Hcrmitc Yang-Mills unitary connection. 

As in the case of the Kahler Ricci flat metric, if the bundle admits a Hermite 
Yang-Mills connection, it will not be unique; rather there will be a moduli space 
of Eg connections on P with G-holonomy. Although a general description of such 
moduli spaces is not explicitly known for examples of interest, it is interesting 
enough to work with the space of local deformations around a particular A . Such 
space is in one to one correspondence with the null space of the Dirac operator on 
X, coupled to Ao, that acts on spinors which are sections of an associated vector 
bundle to P, adjoint representation of E 8 . The decomposition of such null space 
as the direct sum of irreducible representations of H, corresponds to the particle 
spectrum in the four dimensional effective theory (see Table 1). 



GxH 



Particle Spectrum from the breaking of 248 



E 6 Gauge Field 



SU(3) x E 6 



(1,78 
^(3,27 
^(3,27 



v, 



(8,1 



H 1 (X, E) 
H\X,E*) = H 2 (X,E) 
H^iX, E ®E*) 



V, 



(1,45 



V, 



SU(4) x SO(10) V, 



(4,16 
(4,16 



V(6,10 
V(15,l 



SO 
H 1 
H 1 
H 1 
H 1 



10) Gauge Field 
X,E) 

X,E*) = H 2 (X,E) 
X, A 2 E) 
X,E®E*) 



SU(5) x SU(5) 



V(l,24 
V(5,10 
^(5,T5 
^(10,5 
^(10,5 
(24,1 



v. 



su 

H 1 
H 1 
H 1 
H 1 
H 1 



5) Gauge Field 
X,E) 

X,E*) = H 2 (E) 
X,A 2 E*) 
X, A 2 E) 
X,E®E*) 



Table 1. A vector bundle E with structure group G can break 
the Eg gauge group of the heterotic string into Great Unifica- 
tion Theory groups H, such as Eq, 5*0(10) and SU(5). The low- 
energy representations under ©xfi are found from the branching 
of the adjoint representation of E$ denoted by 248. The repre- 
sentations of © x S) arc denoted by their respective dimensions 
V(d\m r .dim Rf, ) = R® ® Rsj- The particle spectrum is obtained by 
computing the indicated sheaf cohomology groups. 
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Thus, in order to find the action functional that governs the dynamics of such 
particles on IR 4 , one has to expand the 10-dimensional action functional in the 
small radius limit of X, for small perturbations of Aq that preserve the linearized 
Yang-Mills equations on P — > X, and Poincare invariance on M 4 . 

More precisely, given a local coordinate chart {z 1 , on X, {x^} A ^ =1 on R 4 , 

and a trivialization of P one can expand the gauge connection A around Aq as 

OA- - dA 

A(z,x) = A 04 dz l + Aojdz 1 + A^dx* 1 + t*(x)--J-dz J + t p (x)—^dz l + ... 

CJCp CJvp 

Here, A^dx^ is the 4-dimensional ii-gauge connection and {t p } is a local coordinate 
chart on the space of infinitesimal deformations of the connection Ao that preserve 
the linearized Yang-Mills equations. The {t p } are parameters since the point of 
view of the Calabi-Yau geometry; though, they are four dimensional charged scalar 
fields {t p (x)} since the point of view of 4-dimensional field theory. By the ellipsis, 
we denote higher order corrections in t and, also, corrections by terms which do not 
preserve the linearized Yang-Mills equations; one can assume that both corrections 
are irrelevant in low energy physics. If we expand the pure Yang-Mills action in 10 
dimensions assuming our Poincare invariant ansatz, we find 

S Y e¥t = I rf (10) Vol Tr (F U F IJ ) = f d^ 10 Wol Tr (F ifi F Sv ) fl V ...= 
(1.2) = / d^VolTrf^^Wx / d i xd,t p d%+... 

Here, we are using the usual Einstein's conventions for summation. 

Hence, an understanding of the effective action for the t fields, known as charged 
matter and eventually related to particles such as electrons, quarks, etc. , requires 



to compute generalized Weil-Petersson metrics (as in (1.2|) on the moduli space 
of Eg, connections on P with G-holonomy. Proper generalizations of the numerical 
tools that we introduce in this paper, should be useful in the case when G = SU{r) 
and the principal Si/ (r)-subbundle underlies a family of stable holomorphic vector 
bundles E — > X (with Ci(E) — 0, rank (E) — r). In this case one can use balanced 
embeddings to approximate the Hermitc Yang-Mills connections, identify the space 
of infinitesimal deformations of the background connection with sheaf cohomology 
groups (see Table 1), and approximate the Weil-Petersson metrics by using the 
metrics that we define in this paper. 



1.2. Outline of the paper. This paper is organized as follows. In section 2 we 
review some general results on moduli spaces of polarized Calabi-Yau manifolds, and 
define their corresponding Weil-Petersson metrics. We explain our first method to 
numerically compute the Weil-Petersson metric in section 3. By combining formulae 
of deformations of the holomorphic top form under infinitesimal diffeomorphisms, 
and Monte Carlo integration techniques, we evaluate the Weil-Petersson metric 
in a particular example. Section 4 is the core of the paper. First, we review 
basic concepts on moduli spaces of polarized varieties since the point of view of 
Geometric Invariant Theory. After defining a sequence of Kahler metrics, we prove 
that it converges to the Weil-Petersson metric on the moduli space of constant 
scalar curvature Kahler metrics (Kahler Ricci flat is a particular case for Calabi 
Yau varieties). Also, we outline how a similar idea should work for Weil-Petersson 
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metrics on moduli spaces of vector bundles. We conclude by computing explicit 
examples on the Quintic threefold in P . 

1.3. Notation. Throughout this paper X denotes a smooth projective Calabi-Yau 
manifold of complex dimension n. Let v, with span(z^) = H (X, K-x), be the 
corresponding holomorphic ?i-form, and £ the defining polarization, i.e. an ample 
line bundle on X. We denote by ui the Kahler two form, with \uj] — c\(C). By 
gij we mean the compatible Riemannian metric on X, and by h the compatible 
Hcrmitian metric on C whose curvature is c\(h) = u). 

2. Weil-Petersson metrics on moduli of polarized manifolds 

A holomorphic family of compact polarized Kahler manifolds (Xt, gt) parametrized 
by t 6 T is a complex manifold X together with a proper holomorphic map 
7r : X — > T which is of maximal rank. This means that the differential of it is 
surjective everywhere, and that 7r _1 (i) is compact for any t E T. 

Given a base point G T we say that 7r^ 1 (i) = X t is a deformation of X Q . 
Locally, A" is a trivial fiber product X\y ~UxX t . If T t T denotes the holomorphic 
tangent space to T at t, we can define the infinitesimal deformation or Kodaira- 
Spencer map: 

Pf. T t T — > H 1 (X t , TX t ). 

where H 1 (X t , TX t ) can be identified with the harmonic representatives of (0,1) 
forms with values in the holomorphic tangent bundle TX t — T 1,0 A" t ; in other 
words iJ 1 (X t ,TX t ) ~ Hg' (TX t ). We know that the Kahler metric g t induces a 
metric on A 0,1 (TX t ). Thus, for Ui,i>2 £ T t T, we can define a Kahler metric at 
t € T, 

(2.1) G( Vl ,v 2 )= f (p(^i),p(^)) 9(i) rfVol( s (t)). 

Note that G is possibly degenerate. If p is injective and g(s) satisfy an Einstein 
type condition, one says that G is a Weil-Petersson metric on the Kuranishi space. 

2.1. Weil-Petersson metric for Calabi-Yau's manifolds. Suppose now that 
X —t T is a family of polarized Calabi-Yau manifolds (X, C), naturally equipped 
with a unique Ricci-flat Kahler metric in a given Kahler class. We can identify 
the tangent space at t G T, T t T with i/g !l (TY t ). This allows us to define the 
Weil-Petersson metric on T, the local moduli space of (X, C), as follows. 

Definition 1. Let v\, v-i G T t T ~ Hg^^Xt), then 

(vi, v 2 )w.p. ■= I v i lh v J 2l gijg lh dVol. 

In this particular case Tian and Todorov proved the following 

Theorem 1. (Tian-Todorov, [TTa llTod] ) Let it : X -> T 3 , n' 1 ^) = X Q , be the 
family of X, then T is a non-singular complex analytic space such that 

dim c T= dim c H\X t , TX t ) = dim c H\X t , ft™" 1 ), 

where TX t denotes the sheaf of holomorphic vector fields on X t , and f2" -1 the sheaf 
of holomorphic (n — 1) forms. 
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There is a correspondence between Hg (TXt) and H 1 (X t , f2™ -1 ) given by the 
interior product and the global holomorphic n-form on X. Then, one can evaluate 
the Weil-Petersson metric in terms of the standard cup product on H n ~ 1,1 (X t ). 
Indeed, 

(2.2) *(t,t) = (-l)^i"- 2 log (J v t A U^j 

is the local Kahler potential for the Weil-Petersson metric. This is an important 
formula; for instance, if we fix the differential structure on X and consider variations 
of the complex structure in the holomorphic top form v t , one can evaluate dd^J by 
computing differentials with J- a basis for T t T = H 1 {X U ft"" 1 ). This idea 
will play an important role in the next section, where we will perfom a direct 
calculation of dd^ . Also, one could compute dd^ using the standard cup product 
to be able to express J x v t A vt as a function of t, as we show in the following 
example. 

2.2. Example: the Quintic in P 4 . In this paper we will study different construc- 
tions on the Quintic hypersurface X = Q in P 4 , with h 1 ' 1 — 1 and dime H 1 (Q, f2 2 ) = 
h 2 ' 1 — 101. Many geometrical properties of this Calabi-Yau 3- fold are known in 
the literature. For instance, one can describe its moduli very explicitly. If we define 

W = { P | P a homogeneous quintic polynomial of Zq, Z\, Z 2 , Z$, Z±\ , 

one can verify that dimVF = 126. Hence, for any t S VW = P 125 , t is represented 
by a hypersurface in P 4 . As two hypersurfaces that differ by an element in Aut(P 4 ) 
are equivalent, and there exists a divisor T> in P 125 characterizing the singular 
hypersurfaces in P 4 , the moduli space of Quintics Q is given by 

M = (P 125 \X>) /Aut(P 4 ). 

The dimension of the moduli space is 101, as expected. 

For simplicity, in this paper we study a one dimensional subspace of complex 
deformations defined by 

P(Z) = Zl + Z\ + Z\ + Z\ + Z\ - htZ Z x Z 2 Z a Zi, 

and parametrized by t. As t and texp(2\/—lirl/5) ) for any I 6 Z, represent the 
same variety, the fundamental region on the t-plane is defined as { 1 1 < arg(i) < 
2tt/5 and t ^ 1}. For t a fifth root of unity, i.e. t — exp(2\/— l7i7/5) for any I 6 Z, 
the Quintic develops double point singularities. 

2.2.1. Evaluating the Weil-Petersson metric on the family of Quintics. Candelas, 
de la Ossa, Green and Parkes [COGP1 evaluated the volume J x v t A vt as function 
of t, for the family of Quintic 3-folds 

(2.3) P(Z) = Zl + Zl + Z\ + Zl + Z\ - btZoZ&ZaZi, 

by evaluating cup products. More specifically, they constructed explicitly a sym- 
plectic basis of 3-cycles (A a , B^) for H^(Q, Z), such that 

A a DB b = 5%, A a nA b = 0, B a OB b = 0. 

Also, they considered the dual basis (a a , (3 h ) in cohomology so that 

JA a J B„ 
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Figure 1. Weil-Petersson metric (vertical axis) on the t-plane 
(horizontal plane) of Calabi-Yau Quintic 3-folds, Zq + Z\ + Z\ + 
Z 3 + Z\ — htZ^Z\Z-2,Z^Z^. 



with the other integrals vanishing. Then it follows that 

a a A /3 b = S b a , f a a A a b = f f3 a A [3 b = 0. 



Q JQ JQ 

Thus, the holomorphic three- form v t can be expanded using this basis as 

v t = z a a a - Q h (5\ 
and therefore the volume can be written as 

v t Kv t = z a G a - z a g a . 



Using this, the Weil-Petersson metric is 

(2.4) g tl = -id t d t log (z a g a - z a g a ) . 

Hence, in order to obtain the Weil-Petersson metric, it is sufficient to evaluate 
the periods z a — J Aa v, Qb = J B v. For that, let us consider the vector space Vj 
generated by the vectors 

for < k < j. For generic values t of the Kuranishi deformation, the dimension 
of Vj must be constant and in our case, this dimension cannot be larger than 
4. Thus, expressing one element of V5 from the others, we obtain a non-trivial 
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ordinary differential equation relating the periods. This is the so-called Picard- 
Fuchs equation, and we refer to |Mor] for a mathematical approach to this topic. 
Note that the form of these equations depends on the local coordinates over the 
space of deformations and the choice of the holomorphic form v(t). The solution 
of the Picard-Fuchs equations may be singular but the types of singularities that 
can occur have been well studied. In [COGP , those equations have generalized 
hypergeometric type and can be solved by expressing the integrands of the periods 
in power series of t. Each coefficient of the power series leads to an integral that can 
be evaluated by residue formulae. The obtained periods are extended by analytic 
continuation over fundamental domains (\t\ < 1 with < arg(i) < 4f and \t\ > 1 
with < arg(t) < nf). Although the behavior of the periods can be described 
at the singular points (in our case t = l,oo), it is quite difficult to obtain simple 
formulas to express exactly the periods if one is not considering hypersurfaces. We 
have written a simple program in Mathematica and Maple, for the case of the 



family of quintics (2.3 1, and computed numerically the power series that define the 
periods. Fig. [l]shows our evaluation of (2.4 1 for < \t\ < 3 and < arg(t) < 2tt/5. 



3. Numerical evaluation via deformations of the holomorphic form 

In this section we describe how to approximate Weil-Petersson metrics by consid- 
ering variations of the holomorphic n-form. First, we make the following important 
distinction: by X we denote a Calabi-Yau differentiable manifold with no complex 
structure defined on it. X t denotes the same differentiable manifold endowed with 
an integrable complex structure parametrized by t. We denote by U C X an open 
subset of the differentiable manifold X, such that U C X is independent of any 
complex structure one defines on X. 

Every element in v G T to T yields an infinitesimal deformation of the complex 
structure on X to . By going to a local coordinate patch on U C X we can relate the 
holomorphic coordinates on X to with the holomorphic ones on X tQ+tv by defining a 
proper infinitesimal diffcomorphism. Let be a local holomorphic coordinate 

system for X t(> on U C X, and {y'}" =1 be a local holomorphic coordinate system 
for X to +tv on the same subset U. Therefore, on U, we can relate the w-coordinatcs 
and the y-coordinates as: 

(3.1) y l = w l + v a ti l a (w,w) + 0(v 2 ), 

with $ a vector field, non-holomorphic section of T 1,0 Xi , and -J^- is a basis for 
TtoT. 

Hence, we can write the holomorphic top form Vt +tv on X to +tv, using the in- 
coordinate system, as a non-holomorphic n-form in £l n '°(X to ) © ^l n ~ 1 ' 1 (X to ). More 
precisely, 

(3.2) Vto+tv = vt Q + v a d ta v tQ + 0(v 2 ), 

where the 0(v 2 ) terms are irrelevant for the purpose of this paper. The term d tci v to 
is computed as pull-back of the infinitesimal diffeomorphism defined by ^(w^w). 
Thus, given a basis of deformations d ta v to € Q n '°(X tQ ) © Q n ~ 1 ' 1 (X to ) and vectors 
Vi, t>2 S Tf T, we can write the Weil-Petersson inner product as 

(3-3) _ _ 

, v v i A Ix d t. v t a A d tb v to vfvl J x d ta v tQ AT% f x v ta A d H v ta 

{Vl, V2/W.P. = — " 



fx "to* "to (J>t AO 
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where we have expanded the Kahler potential (2.2 1 for n-forms as (3.2 1. Therefore, 
a direct calculation of the Weil-Petersson metric involves: 

• A choice of 1? l a (w,w), which is not unique and depends on the particular 
geometry of the Calabi-Yau manifold. 

• To perform several integrals on X. 

If X to is a Complete Intersection Calabi Yau manifold there is a natural choice 
for Let {Pa{^)tYa=\ be a family of homogeneous polynomials in P m 

whose common zero loci define X t . Let us suppose that at t = to, given two inde- 
pendent deformations of the complex structure, v\, v 2 € T to T ~ Hg' (TX to ), we 
can find two sets of polynomials, {5 x P a {Z) = v1d tcl P a {Z)t}™~? and {5 2 P a (Z) = 
v% 9t a P Q (Z) t }™ = T", that parametrize isomorphic deformations of the complex struc- 
ture. We set a coordinate atlas on X to C P m by choosing inhomogeneous lo- 
cal coordinates {wi = Zi/Zo\^L 1 on P m , n coordinates as local coordinates on 
U C X ta , and the remaining n — m coordinates as dependent of the n coordinates 
on U C X to C P m . In other words, for any point x € X t[) , by making a unitary 
change of coordinates on P m we can always set {u>i}r=i to be a local coordinate 
system on an open subset of X to that contains x, while the remaining coordinates 
{wi — Wi{w\, . . . , X n )}iL„+i on X to C P m can be expressed as a function of {wj}" =1 . 
We write the defining polynomials in inhomogenous coordinates, as 

p a (w) = p a (w) t = P a (Z) t /ZQ CsPa , 

d taPa ( w ) = d ta (P Q (z) t /z* csp o), 

where degf G Z + is the degree of the homogeneous polynomial P. If d\{w,w) 
are vector fields on X to C P m corresponding to the deformations {dt a p a {w)}, and 
{UiYiLi is a holomorphic local coordinate system on X to + v a C P m , the following 
equation holds for an infinitesimal variation v a on the moduli, 

(3.4) Pa (y) + V a d ta p a (y) = = p a (w)+v a ^^^i(w,w)+v a d ta p a (w) + 0(v 2 ), 



where the repeated index a is not summed this time, and y 1 obeys (3.1 ). 
Proposition 1. Let Gij be a Fubini-Study metric on P m . Let H a p be the elements 

„ n ij 9paH dpjj{w) 

H afS - ^ — n ^= ' 

owi dwj 

Then, a natural choice for , &' l a (w,w) is 

(3.5) = (H~^ G-^^d^M. 



The proof is straightforward by substituting $ l a (w,w) into the equation ( 3.4 1 , 
and observing that p a (w) — 0, as w lies on X tg C P m . 

We can calculate the deformation of v t under the infinitesimal diffeomorphism 
defined by (3.1), by combining (3.5 1 and (3.2 1. More precisely, if 

(3.6) v t0+v * =N lu ... tln (y)dy 11 A...Ady l \ 

is the holomorphic n-form on X to + v °. C P m , y l — w l + v a -d' L a (w, w) + 0(v 2 ), and 

(3.7) dy l = dw l + v a — ° v ' ' dw 3 + v a — °-_ ' dw J + 0(v 2 ), 

aw 1 owi 
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we can expand (3.6 1 as in (3.2), and determine the term fjr-(io) that we need to 



evaluate the Wcil-Petersson metric (3.3 1 



Although one could compute (3.2 1 in the general case, for simplicity we just 



consider the case m — n — 1, i.e. X to is a hypersurface defined as the zero locus of 
a polynomial p(w). By the adjunction formula we know that vt +v a is pull-back of 
a meromorphic n-form on P" +1 that obeys the simple formula 



(3.8) 



n+l 



J] dy l = d(p(y) + v a d ta p{y)) A u to+v a 



Using vto+v — v t() + v a d ta i>t + 0(v 2 ) and the transfomation of dy l (3.7 1, in (3.8 1 
one can compute d ta vt as 



(3.9) 



dp 



\i=l 



dp 



(-iy 



dd l a (w,w) 



dw3 dw n+1 



dw 1 . . . dw l . . . dw n dw 3 + 



Here, the differentials dw 1 obey the Grassmann algebra of forms, dw' 1 denotes the 
omission of dw 1 , and the final ellipsis denotes further terms which do not contribute 
to the equation (3.3 1. Now, equipped with a local formula for the integrands of 



equation (3.3), we need a numerical way to evaluate the integrals that appear 
therein. 



3.1. Monte Carlo integration on varieties. One of the problems that we need 
to solve, in order to compute the Weil-Petersson metric via local deformations of 
the holomorphic top-form, consists in evaluating integrals of the type 



(3.10) 



fvhv. 



x 



We can numerically approximate such integrals by introducing an auxiliary measure 
dfi, and generating random points {qi G X}kknp on X uniformly distributed 
under dfi. Hence, by defining the mass function m(x) — v A V/dfi(x), we can 
estimate (3.10), a la Monte Carlo, as 



(3.11) 



fvhv 



_ vol(A) ^ 



A" 



i=i 



f(qi)m( qi ) + O 



1 



where NP 6 Z + is the number of points used and 0(NP x / 2 ) is the standard error 



for large NP; which is proportional to 



/NP 



by the central limit theorem. 



In the particular case of a polarized manifold with a very ample line bundle 
£, we generate the point set and the auxiliary measure d[i, by taking projective 
embeddings i: X <—* ¥H°(X, £)*. We endow such projective space with a Fubini- 
Study metric ojfs and consider random sections a in ¥H°(X, C) with respect to 
the volume form associated to the Fubini-Study metric. The zero locus of such 
random sections a are divisors with associated zero currents T a . One can show |SZ] 
that the expected zero current is: 



E{T a ) = i*lu fs . 
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Figure 2 . Distribution of random points on the Weierstrass cubic 
Zf Z = AZf-GOGii^ZxZfi, under the Fubini-Study metric defined 
by the Kahler potential log(l + \Zj_fZal 2 + \Z 2 /Z \ 2 ). 

Therefore, the expected zero loci of n independent random sections in VH°(X, £)* 
are J x Cx{L) n points on X uniformly distributed under 



E{T ai ... an ) 



Thus, we take d/i = i*uip S /nl as the auxiliary measure and generate the points, 
uniformly distributed under d/i, by taking the common zero loci of n independent 
random sections. The mass function is 

(3.12) m(x) = nl (x). 

(l*UJ FS ) n 

Example 

For instance, we consider the elliptic curve E in CP 2 defined as the zero locus of 
the Weierstrass cubic polynomial 

Z\Zq = AZf - mG^i)Z x Zl, 

where G<t(i), the Eisenstein series of index 4 evaluated at the complex parameter 
r = i, is G*4(i) = —3.151212 . . .. This elliptic curve can be seen as the square torus 
C/Z 2 embedded in CP 2 . The Calabi-Yau area form corresponds to the flat area 
form inherited from the complex plane C, in the quotient C/Z 2 . Intersections of 
three random sections in CP 2 = ¥H°(E, 0(3pts)) are equivalent to intersections of 
the cubic E > CP 2 with random projective fines CP 1 CP 2 . The Fubini-Study 
area form yields a particular distribution of points as shown in Fig. [2] We can 
still perform integrals with respect to v A because we have a precise formula for 
v A v /t*u>ps- 
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3.1.1. Refinements. When the ratio of the maximum over the minimum of the 



mass function (3.12 1, is very large, one expects a bad behaviour of the Monte Carlo 
method just described. In this case, one can increase the number of points to try to 
approximate the integrals with more accuracy and precision. Also, one can use an 
optimal combination of several Fubini-Study metrics and subsets on X, to generate 
an Improved Point Set. 

Remark 2. By an Improved Point Set, we mean a distribution of points on X whose 
associated mass formula mips{x) obeys 

max(m/ps(a;)) max(m(i)) 
mm(mips(x)) min(m(a;)) 

For most applications, the most efficient strategy consists in working with a 
unique optimal Fubini-Study metric, and a point set generated by the intersection 
of independent random sections under the associated measure. The optimal Fubini- 
Study metric could be the ^-balanced metric |Don6| (see Definition [5] in section 
below), which is an accurate approximation to the Kahler Ricci flat metric. The 
number of points should be adjusted to obtain the required accuracy and precision. 

However, if we integrate functions whose evaluation maps are extremely slow 
since a numerical point of view, we won't be able to use a high number of points 
to reduce the error. In this case, we should improve the distribution of the point 
set, while using a constant number of points. The most obvious strategy consists 
in choosing several Fubini-Study metrics {^ q FS }q = i, and use the mass function 
(3.13) 

v A v 



mip S (x) = n\— f^— : (x), {q e [1, Q] : 

(l COpg) 



(«4s) 



is minimum}. 



J FS) 

Here, we work with normalized volumes, nl J x v A V = J x (t*uJ FS ) n . The mass 



function (3.13), implies that we can decompose X as a disjoint union of open 
subsets X = Y±q—i U q with non-zero volume. In other words, each Fubini-Study 
metric uj fs S Wp S }® =1 , defines a subset U r C X: 

x G U r if mipsyx) = n! - (x). 

Therefore, in this second strategy, sets of n independent random sections with re- 
spect to the Fubini-Study volume form (uj fs ) yield random points on X; however, 
only those points that lie on U q C X are accepted. If a point y ^ U q is generated 
as common zero locus of n independent random sections under the g^-measure, 
is rejected from the point set. This means that there exists another subset U r 
and metric oj fs , with y S U r , such that n-tuples of random sections under the 
r'^-measure, generate points on U r more closely distributed under v A V. 

There is not a unique answer to the question of how to generate optimal sets of 
Fubini-Study metrics and subsets on X when Q > 1. We propose a method that is 
useful in numerical applications. First we need a definition. 

Definition 2. Given a point there exists a x-mass one Fubini-Study metric 

ujfs(K) on FH°(X, £)*, that satisfies 

l*UJ FS {\x) n 



14 



JULIEN KELLER AND SERGIO LUKIC 




Figure 3. Distribution of 20,000 random points on the Weier- 
strass cubic, for 1, 2, 3, 5, 11, and 19 Fubini-Study metrics & 
subsets, optimally chosen. 



The construction of wps(X x ) goes as follows. Let us consider an orthonormal 
basis {sa}^] 1 f° r H°(X, C) with respect to the //-balanced Fubini-Study metric. 
Now, in this basis, we introduce the matrix 

with 1 the identity matrix, P x — P% the projector on the ray generated by x h- > 
VH°(X, £)*, and 

( i vhV i \ 

e= n\ -^—{x) 

It is then straightforward to show that if 

log {K 1 )^ S a Sp 

\a/3 

is the Kahler potential for ujfs(^x), then 

We can generate optimal sets of Fubini-Study metrics by combining iteratively 



the refined mass formula (3.13), and the x-mass one metrics. Given a set of 
Fubini-Study metrics {uJ 9 FS }g =1 with Q > 0, we can add two metrics to the set 
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Figure 4. Distribution of masses for points on the Calabi-Yau 
Quintic Z$ + Z\ + Z\ + Z\ + Z\ - 0.246 x Z^Z^Z^ using 1 
Fubini-Study metric (left) and 19 Fubini-Study metrics & subsets, 
optimally chosen (right). 



by searching for the absolute maximum x max and minimum x m i n of the mass func- 
tion mjps(x, {up S }g =1 ), and adding Wps (A Xm in ) and ^>Fs(^x maa> ) to the set: 

{ w fs}?=i 2 sucn that ^fV = w Fs(A Xma J, ^fs 2 = w Fs(A Xmi „)- 

Fig. [3] and Fig. [4] show a few examples of Improved Point Sets on the Weierstrass 
cubic defined above, and on a Quintic 3-fold. 



3.2. Example: the family of Quintics. Equipped with equations (3.3 1, (3.9) 
and the Monte Carlo integration technique just described, one can estimate Weil- 
Petersson metrics for a large class of families. For instance, one can compute the 
metric on the modulus of Quintic 3-folds introduced above, 

(3.14) P(Z) = Zl + Z\ + Z$ + Z\ + Z\ - UZoZ^ZsZi, 

and studied independently by [COGP] . By generating 2,000,000 points we evaluated 
the Weil-Petersson metric at the Fermat point t = 0: 

(3.15) g a {0) = 0.19205 ± 0.00104, 



with 0.00104 the standard error. Eq. ( 3.15[ ) should be compared with the exact 



value (0.1922 • • • ), obtained by computing the volume of the Quintic, as function of 
t, via integration of its 3-cycles, (2.4 1. In Fig. [5] we computed the Weil-Petersson 



metric in the same region of the t-plane studied in Fig. [T] 

Another algorithm that allows to estimate the Weil-Petersson metric consists in 
evaluating the logarithm of numerical volumes for several 3-folds near the manifold 
that we want to study, fitting a quadratic function for the values therein, and 
computing its Hessian. This method is highly incfficent despite is much simpler to 
implement. As an example, if we evaluate the function 

(3.16) F(t,t) = -log VtNVi 

for 300 random values of t near t = with 100,000 points on each 3-fold Qt, and fit 
a quadratic function around the Fermat point, we find that the Hessian at t = is 



g t t(0) = 0.209693 ± 0.03. 
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Figure 5. Weil-Petersson metric (vertical axis) on the t-plane 
(horizontal plane) of Calabi-Yau Quintic threefolds, Zq + Z\ + 
Z\ J rZ\ J rZ\ — btZ ZiZ 2 Z 3 ,Z^, computed via local deformations 
of the holomorphic form and Monte Carlo integrals. 




Figure 6. Quadratic fit of the function —\og(J x v t A uj) around 
t = 0, for 300 random Calabi-Yau Quintic 3- folds on the t plane 
near t = 0. 



In other words, by using 15 times more points than in (3.151, we evaluate <?tt(0) 



with an error 30 times bigger. In Fig. [6]we represent the graph of the fitted function 



(3.161, for 300 points on the t-planc. 

4. Numerical evaluation via Donaldson's quantization link 

In this section, starting from the basics of moduli spaces of polarized manifolds, 
we explain how one can construct a discrete set up to approximate Weil-Petersson 
metrics. First of all, moduli of polarized varieties can be constructed as an infinite 
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dimensional symplectic quotient |Don2j . Let us consider the infinite dimensional 
space of complex structures J = {J: TX — > TX : J 2 = —1} which make (X, oj) 
Kahler, and certain complexification of the group of Hamiltonian diffeomorphisms 
Ham c (X, oj). If one assumes M.) = for simplicity, Ka,m c (X, oj) consists in 

the set of diffeomorphisms of X such that the pullback of oj is compatible with the 
complex structure J: 

{/: X — > X : 3Q G C°°(X,R) such that f*u = oj + 2iddQ}. 

The "quotient" of J by Ham c (X, oj) is the set of isomorphism classes of integrable 
complex structures on (X, oj). 

Furthermore, the Kahler structure on X induces one on J by integration. If 
X is endowed with a Ricci flat metric, such Kahler form is compatible with the 
Weil-Petersson metric on the space of metrics. The associated symplectic form 
is preserved by Ham(X, ui), hence one can ask for a moment map. Fujiki and 
Donaldson showed that 

Moment map = scal(u>) — scal . 

With scal(uj) the scalar curvature and scalo its average over X. Thus, for manifolds 
X with trivial canonical bundle, the zeros of the Moment map correspond to Kahler 
Ricci flat metrics. 

4.1. Quantization of the G.I.T problem for cscK metrics. In |Don4| . Don- 
aldson showed how this previous infinite dimensional quotient should be thought 
as the classical limit of a finite dimensional construction. 

Let us fix a polynomial x(T) G Q[T] of degree n. One can consider the set TC X 
formed by couples (V, Cv) such that V is a projective variety of complex dimension 
n and Ly a polarization with Euler-Poincare characteristic satisfying 

X (V,£ k v) = x(k) 

for k large enough. For each element (V,£v) of H x , one obtains an embedding 
(which is not unique !) in a fixed projective space 

i: V ^VH a {V,C k v )* =Y N 

for k large enough, because TC X is a bounded family. Thus any projective Calabi- 
Yau manifold (or variety) (X, C) defines a point in Tt x for a suitable choice of \. 
From Grothendieck's results |Vie] . there is a quasi-projective scheme Hilb(N,x) 
containing H x , the Hilbert scheme of subschemes of with fixed Hilbert polyno- 
mial x- Moreover, there is a universal family UnivN, x — {{V, V{xj) : x G V} over 
Hilb(N,x) such that Univ x c Hilb(N,x) x V N , i.e. one has the diagram 

Univ Nx ¥ N 

ITT! 

n x 

Let us consider Ti.^ the subset of Ti x formed by smooth projective manifolds. 
Hence, one can consider a natural Kahler structure on 7i^° by pulling-back the 
Fubini- Study form from V N : 

(4.1) fl k = ttx^tt*^ 1 n [Univ]). 
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This corresponds to write at the point X € H 



x 



(4.2) n k (vi,v 2 )= / cj F s{vi,v 2 ) 



FS 



X "' 



TV. 

with vi, V2 vector fields along T 1,0 \ X V N , normal to the subspace defined by the 
infinitesimal action of SL(N + 1,C). More precisely, if T (T 1 >°\ X ¥ N ) denotes the 
space of smooth (1,0) vector fields on P w restricted tolc V N , then T (T lfi \ x V N ) 
decomposes, under the L 2 metric inherited from cops on P , as a direct sum 

r (T^°\ X P N ) = r (Lte(SL(N + l,C))\x) © T (Lie(SL(N + 1, C))|x) X • 

Here, T (Lie(SL(N + 1, C))|x) denotes the standard infinitesimal action of SL(N+ 
1,C) on F N restricted to X C P N . Thus, Wi, v 2 € T (Lie{SL(N + 1,C))\ X ) X C 



r^^lxP^) in (|42| are normal to T (Lie(SL(N + l,C))\ x ) 

Of course, from the natural action of SL(N + 1, C) over P^, the group SL(N + 
1,C) will act equivariantly on Hilb(N,x) and Univ Xx . With respect to f^, this 
leads to a natural moment map 

At: -> Lie(S£/(iV+l))*. 

Given an orthornomal basis of sections {s a } of H°(X,C k ), one can write this as- 
sociated moment map as 



(4-3) »(X) = Kb ~ 



_ n + i r s a s- p lj™ s 

; voiTxyyxETKF^ 



The zeros of /x correspond to "balanced" manifolds (X, C k ) € Hilb(N,x) ps that 
are polystable in the sense of G.I.T. For those manifolds, there exists an embedding 
for which the center of mass with respect to the Fubini-Study form is zero. One 
can reformulate this by considering two natural maps on the space of metrics over 
C k and the space of metrics over H°(X, C k ): 
• The 'Hilbertian' map, 

Hilbk : Met(£ k ) -> Met(H°(X, C k )) 

such that 

Hilb k {h)(s,s) = f \s\ 

J X 



, 2cl (h) n 



with ci(h) the curvature of h. 
The injective 'Fubini-Study' map, 

FS k : Met(H°(X,£ k )) -» Met(£ fe ) 



such that 



where if?? is an iJ-orthonormal basi^Jof holomorphic sections of H° (X,C k ). 
Equivalently, fi(X) — corresponds to the existence of a Hermitian metric H k on 
the vector space H°(X,£ k ) such that Hilbk(FSk{Hk)) = Hk, i.e to a fixed point 
of the map T = Hilbk o FSk where 

T: Met(H°(X,L k )) -> Met(iT°(X, C k )). 

^note that this definition is independent of the choice of the basis. 
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Definition 3. We say that a fixed point Hk £ Met(H°(X,£ k ) of the T-map is a 
balanced metric of order k. We will also say that the induced metrics FSk{H k ) € 
Met(£ fc ) and i%u)fs = \ci(FSk{H k )) are balanced. 

In |Don41 IDon5l ISan| , it is proved that for any smooth manifold X with a cscK 
metric in the class ci(£) and with Aut(X, £) group discrete, there exists a balanced 
metric H k <E Met (if (X, C k )) for k sufficiently large. The sequence of Kahler forms 
ci(FS'/ c (iffc) 1 / fc ) converges, in C°° topology and when k — > oo, to the unique cscK 
metric in its class. Moreover, the T map admits a unique attractive fixed point, the 
balanced metric H k and the iteration of the T map converges exponentially fast to 
the balanced metric. In this way one can obtain a complete analog of the infinite 
dimensional quotient J / / ' Ham c (X,uj) defined above, using a finite dimensional 
framework. The idea of approximating Kahler metrics by Fubini-Study metrics via 
projective balanced embeddings, goes back to |BLY) . 

From now, we will restrict our attention to the smooth orbits of the moduli 
space M-n,x = Hilb(N,x) ps / / SL(N + 1). In the case of polarized Calabi-Yau 
manifolds, the dimension of this quotient is given by dim H 1 (X,TX)c, i.e. el- 
ements of H 1 (X,TX)c that keep the polarization L invariant. Thus, Mn,x is 
strictly included in the Kuranishi space of deformations of the manifold, leaving 
some non-algebraic deformations. Also, we can consider Mh the moduli space of 
isomorphisms classes of polarized Hodge manifolds (V,jCv) with (V,ci(£y)) diffeo- 
morphic to (Vq,o) with a € H 2 (Vo,M.). Then, in the particular case of Calabi- 
Yau's, the moduli space Mh carries a structure of orbifold complex space and 
■Mn,x C Mh is open and closed in Mh |FS[ Section 5 and 11]. 

On Mn^ x , we shall see that there exists a quantized Weil-Petersson metric ob- 
tained from (4.1 1 by restriction. If X carries a cscK metric in the class of C, then we 
know that there exists a convergent sequence of balanced metrics in c\{C), where 
each element of the sequence corresponds to a point in Mn,x- For the purpose of 
this paper, we consider local algebraic deformations of the complex structure on 
X, which correspond to tangent vectors in Mn, x - An integrable complex struc- 
ture J € Ji n t on X can be deformed by any element v 6 ffl^T^'^Xj. We can 
be more precise by fixing the differentiable structure on X and the complex line 
bundle L k , and considering integrable complex structures on X with correspond- 
ing Dolbeault operators on L k . If L k is a fixed complex line bundle on X and J 
is a complex structure on X, we say that C k is the associated holomorphic line 
bundle on Xj endowed with a Dolbeault operator d — dj. The deformation of 
the complex structure J + v on X induces a deformation of the Dolbeault operator 

5 = Bj: np>i(£ k ) -> np-i+\£ k ) as 

5j +v = 8 + vd + o(v 2 ). 

With h a Hermitian metric on L, we obtain a L 2 metric on Sl°(X, L k ); we denote 
by L 2 (X,L k ) its L 2 completion. If the dimension dimkerdj = N + 1 is constant 
as J varies on J n t, there exists a natural embedding of Ji n t- 

(4.4) t: J mt ^Gr(N + l,L 2 (X,L k )), 

with Gr(iV+l, L 2 (X, L k )) the Grassmannian of 7V+1 planes in L 2 (X, L k ), and J 
ker<9j c L 2 (X,L k ) for every element J G Jint- If (s a ) is an orthonormal basis of 
sections for the finite dimensional vector space ker9j, the infinitesimal deformation 
v is pushforwarded to a tangent vector on the Grassmannian Gr(N + 1, L 2 (X, L k )) 
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under (4.4 1. The induced vector can be computed as the infinitesimal deformation 
of the basis of sections (s a ). Thus, if (s a + 5s a ) is a basis for ker 8j+ v , then 

(8 j + vd + 0(v 2 )) (s a + 5s a ) = 

and 6s a = —dj 1 (vds a ), neglecting 0(v 2 ) corrections. One has to define the inverse 

d j 1 properly on the orthogonal complement ker<9j C L 2 {X,L k ). As Ss a also 
denotes a tangent vector to Gr(iV+ 1, L 2 (X, L k )) in homogeneous coordinates, the 

(N + l)-plane spanned by the d j (vds a ) in L 2 (X,L k ), is orthogonal to kerdj. 
Therefore, one can alternatively define (4.2 1 as follows. 

Definition 4. For H t £ Met(H°(X t , C k )) the balanced metric of order k, and for 
v 1 ,v 2 E n - 1 ^ - 1 ^ representatives of v. t £ T Jo J mt ~ ff"' 1 ^), we define the 
quantized Kahler form in fi 1,1 (T) as, 

(4.5) n k (v u v 2 ) = k n H^ I (d-\v 1 ds a ),d-\v 2 d Sp )) FS{Ht) { -^^^ 
for (s a ) an orthonormal basis with respect to H t . 

Theorem 2. As k tends to infinity, the sequence of Kahler forms £lk converges to 
the Weil-Petersson metric defined in Equation (2.1), in the C°° topology, over the 
smooth points of the moduli space M.n,x- 

Proof. Let us introduce G the Green operator, inverse of the Kodaira Laplacian A 
restricted to the space (0, l)-forms. Let us denote Gk(x,y) its integral kernel with 
respect to the volume form u FS t H \ — ( \ci(FS{H)) n /n\ induced by the balanced 
metric H . Then, since d + vd is a new integrable complex structure, one obtains 

(8 + vd) 2 = 8(vd) + (vd)8 + (vd) 2 = 0. 
Thus, we obtain that for any holormophic section s, at first order in v, 
A(vd)s = (8*8 + 88*)(vd)s = 88*(vd)s + 0(v 2 ). 



Finally, by the definitions of G and fi/j, (4.5 1, we get 
ftk(vi,v 2 ) = fc"iJ t Q '' 9 / (G(v 1 d)s a (x),v 2 dsp) F s(H t )^FS(H t ) 



x 

= k n Ht S J JjG k (x, y)v 1 ds a (x),v 2 ds f3 (y)) FS{Ht) uJ FS{Ht) (x)uJ FS{Ht 

Hence, we are lead to give an asymptotic of the Green kernel when k — > +oo. We 
can prove that the sequence of Kahler metrics fifc converges to the Weil-Petersson 
metric, if we can show that Gk(x,y) converges, up to rescaling, to ^5(x,y) + 
O(^ft), with S(x,y) the Dirac function on the diagonal. This is precisely the 
technical statement that we obtain next section (Theorem |3j. As we shall see, the 
proof consists essentially in a localization argument. □ 

4.1.1. Asymptotics of the Green kernel: Kodaira Laplacian on (0,0)-forms. For 
now, we are interested in the Green operator G associated to the Kodaira Lapla- 
cian A = (88* + 8*8) acting on sections with values in C k , i.e C co (X, C k ). In 
next subsection, we will deal with the general case of (0, g)-forms. We denote by 
Gq the associated Green operator restricted to (0, g)-forms; although, in order to 
prove Theorem [2j we just need to consider (0, 1) forms and the asymptotics of Gi. 
Formally, G can be defined as the inverse of the Kodaira Laplacian AG = Id. We 
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want to describe the asymptotics of its integral kernel G k (x, y) in the limit k 3> 1; 
especially the term along the diagonal i.e Gk(x, x) for x G X. We express the action 
of G on an element / G C°°{X, C k ) as 



G(/)(x) = / G k (x,y)f(y)dV y . 

J M 

We describe the asymptotics of G k (x,y) using a 3 step argument: 

(1) Reducing the problem. First of all we consider the case of the Green kernel 
for sections of C k . Let us denote Xj the eigenvalues of A. Then, there is a spectral 
gap for the Kodaira Laplacian operator when k — > oo, which means that Xj G 
{0} U [Cofc + Ci,oo[. This is essentially a consequence of the Bochner-Kodaira- 
Nakano formula and Hormander's 9-theory and is the crucial argument to localize 
our computation. We refer to |M-M1 Sections 1.4 and 1.5] as a survey on this topic. 
Let us denote w\. the 1? projection with respect to h and the volume form ^ 
from the space C oa (X, C k ) to the eigenspace of A associated to the eigenvalue Xj. 
Then, if we set Aq = 0, 



oo 



i A ^ 

j=i J 

one can write 

oo Nj 

o k (x, 2/) = Ey:E ^0*) ® 

3=1 1 i=l 

where (5p -) ) for m an L 2 -orthonormal basis of Ker(A — Xjld). 

(2) The computation is local. One needs to see that if G\(x,x) is the Green 
kernel obtained by freezing the coefficients of the involved operators and metric, 
for x — Xo, then G k (x, x) is asymptotically close to G°(x, x) at x = xq. One knows 
that 

A£ - A fe = O (J-\x - x \\7 2 + (I + \x - x | 2 )V + \x - x \ + i 
and therefore 

|G°(x ,x ) - G fc (a; ,xo)| = (j^ j OC 1 /^- 

By invoking the spectral gap theorem, we have shown that the calculation is local. 

(3) The local computation. In this step we obtain the asymptotics of the local 
operator for k — * oo. First we express G° using Fourier transforms. Let us consider 
the local Laplacian on the manifold seen as a real manifold. 

d 2 

ax z 

Note that a will be fixed later given by the condition k x 7 > where w = 
y/—l 527=1 7j^ z i A (izj. Now, the eigenfuctions of A associated to the eigenvalues 
Xj = (2j + l)a are given by 
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where Hj is the j-th Hermite polynomial given by e x ^ 2 §^j{^ x )• Finally, for the 
local operator, taking into account the fibrewise metric on C k , 

^) = #e-|^)V 1 g^g^X 

y ' feV y 7T ^ (2j + l)a-? +1 2Jj! dx? dyi 

We want to compute the series in the RHS of the former expression. If we denote: 

^( 2 i + 1 )( 2 «) i i ! dx3 d V j ' 

then its Fourier transform is given by 

2y/a 

where erf fa;) = -1= f n x e - ' eft = -1= y^°°n ferMn is the error function. We are lead 
to compute the inverse Fourier transform of the former expression to get G°, and 
thus the integral 

where x, y are fixed. Let us do a change of variable: 

C=^/au 2 , rj — y/av 2 , 
and the last integral is then reduced to l6^/ali(x, y) with 

h ( x ,y) =j j erf f^lj e -(^+^)/4 e V=TxV5« 2 +V=T 3 /^ 2 ^ 

Note that it is obvious that I\ = O(l) when a — > oo and one can get ^(OjO) by a 
lengthy computation. Thus we obtain the local asymptotic 

G° k (x,x) = ~^- + o(±). 

Moreover, using (4.6 1, it is obvious that there is convergence of G(x, y) for {x,y) ^ 
(0, 0) to exponentially fast. 

4.1.2. Asymptotics of the Green kernel: general case and (0,q) -forms. 

(1) The case of tensorizing by an arbitrary vector bundle. Let F be an arbitrary 
holomorphic hermitian bundle on X. We are now extending the previous compu- 
tation to F <£> C k . The asymptotic of the Green kernel for (0, g)-sections will be a 
direct consequence of our work for F = A 0,q T*M. We consider the second order 
elliptic operator 

□ = A - V 

where V is an arbitrary Hermitian endomorphism of F (that we extend trivially to 
F (E)C k by identifying V with V <£> Id^k ) and A is the Laplacian operator acting on 
F(g>C k . Locally, we can assume that we have an orthonormal frame in which V is 
diagonal and (Vu,u) — J2l=i ^i| u i| 2 where r F is the rank of F. Hence, the local 
operator A of previous section is replaced by □ = A — J2l=i Vild- We are lead to 
compute the Green kernel of the Green operator acting on a single component Ui 
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for i = l,.,.,rp. From the previous section (one can apply again the same method 
since there is also a spectral gap in that case |M-M1 Theorem 1.5.5]), we obtain 

G o , x y) = [a 1 y(e— a )y(e-» a ) 

Let us denote = Vi/a. Then, if we set 

1 d^(e- ax2 ) d j (e~ ay2 ) 



its Fourier transform is 



, - 1 



2a (C??)^ J° 



By the same change of variables, 

C, = ^u 2 1 rj — y/av 2 , 

we obtain, 

w, , , 1 2 a rV'/ 2+1 



/ — r i + 1 

' 7r 2o x 



/• + °° /- + 00 1 , _ 2 , ^ 2 u 4,„4 fT^ r ._! 

/ / ^^gv^v^^ e V=iVSw 1- / erH^dtdudv. 

J-oo J-oo {UVp Jq 



Which finally is 



Gk,i{x,y) = e 2 W— x 

V an 



+oo /-+oo ^l^/E( xu 2 +yv 2 )-^^ 



oo J — oo 



(uv) 7 



e t 2 dtdudv. 



Note that rj — > when fc — > +oo. Again, if (x, y) ^ (0, 0), the term Gk,i(x, y) tends 
to exponentially fast. The Green kernel associated to the operators □|v r ect(« i ) 
that are pairwise commuting since they act on disjoints sets of variables, is given 
by the product of Green kernels Gk,i- 

(2) Application to the Green kernel for (0, g)-forms. Consider that the curvature 
of the Hermitian metric on L is given locally by u> = y/—l Y^j=i Ijdzj A dzj. Let V 
be the endomorphism of F ® L k with F = A^'^TJ, which is diagonal in the basis 
(dzj) where | J\ = q and with eigenvalues: 

if J i£J 

We apply the result of the previous section, and we obtain the local Green kernel 
(restricted to the diagonal) associated to the Laplacian acting on (0, g)-forms with 
values in C k over X with diniR(A) = 2n. Our results are summed up with the 
following theorem. 
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Theorem 3. The Green kernel Gk, q associated to the Green operator G q acting 
on (0,q)-forms of L k has an asymptotic expansion when k — > +oo, 

1 2™ \ J-f 2 rj - i f f e i — 

G k . q (x,x) ~ — — V TT — — / / - — ——, , / dtdudv 

I J\—q i—i 

where one has set u> — c\{h) = yj— 1 Y^ij=i lj( x )d z j A a t the point x and 

J " Ms) 

TTie convergence is uniform in the variable x for the C°° topology and for the metric 
h on L varying in a compact set (in C°° topology). 

Moreover Gk, q (x,y) is converging exponentially fast to for x ^ y when k — > +oo. 
For numerical applications, we will use the fact that 

4.1.3. Quantized Weil-Petersson metric for projective Calabi-Yau manifolds. If we 
consider a holomorphic family of projective Calabi-Yau manifolds, we can modify 
the notion of quantized Weil-Petersson metric of Definition [4] by substituting the 
Fubini-Study volume form by v A V. This modification has important advantages 
in numerical applications. First, we review the ^-balanced metrics introduced in 
[DonS] . 

Definition 5. Let (X,C) be a polarized Calabi-Yau manifold and and v a (n, 0)- 
form. For k » 0, let us consider the map Hilb k ,u- Met(£ fe ) -> Met(iT°(X, £ fe )) 
given by 

Hilbk,„{h) = / h(.,.)uAv. 
Jx 

We say that a fixed point Hk of the map T v = Hilbk^ o -FSfc is a ^-balanced metric 
of order fc. 

The advantage of working with i/-balanced metrics is that, contrarily to the cscK 
case, the map T v — Hilb^ v o FSk admits always a unique fixed attractive point 
which ensures the existence and uniqueness of the iv-balanced metric of order k. 



Definition 6. With the notations of Section^ let H t G Met(H°(X t , L k )) be the 
i/j-balanced metric of order k for k sufficiently large. For V\,V2 € ff^T^^'X-t, one 
has a Kahler form on T defined as 



(4.7) n k ( Vl ,v 2 ) = k n H^ / {d-^vida^dr^dsfftpswvt A v t 

for (s Q ) an orthonormal basis with respect to H t . Making an abuse of notation, we 
also call fife the quantized Weil-Petersson metric of order k, as in Eq. (4.2 1. 

In order to see that fifc converges to the Weil-Petersson metric, we just need to 
check that the volume form LUp S ^ H ^ converges to v t A D t , and to invoke Theorem 
|2j As llJ^o t — v t A &u with Woo.t <G ci(£), is the Calabi-Yau metric, we know from 
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the construction of the balanced metrics (more precisely from the asymptotic of the 
Bergman kernel |M-M1 Remark 5.1.5]) that 



In particular, 



\\uFS(H t ) - Uoo,t\\c°° = O 



" FS(Ht) =i + ofi 



v t hv t \ k 2 / 

and therefore, ilk converges to the Weil-Petersson metric of Definition [T| 

Theorem 4. Given a family of polarized Calabi-Yau varieties, the sequence of 
Kahler forms Q,]. defined in Def. [6| converges, in the limit k — > +oo and under the 
C°° topology, to the Weil-Petersson metric over the smooth points of the moduli 
space (as defined in Def. [Ip. 

4.2. Generalizations to other moduli spaces. We have defined quantized Weil- 
Petersson metrics for moduli of cscK manifolds and/or Calabi-Yau manifolds. In 
this section, we explain how one can define quantized Weil-Petersson metrics on 
other moduli spaces. We believe that, in some situations, these ideas should be 
useful for numerical applications. One possible application of these techniques 
could emerge in flux compactifications of string theory. For instance, recently J-X. 
Fu and S.T. Yau have studied flux compatifications of string theories that lead 
to complex Monge- Ampere equations over non projective manifolds. Furthcmore, 
the approach we introduce below should enable us to get some information of the 
geometric structure of the moduli space, by extending Weil-Petersson metrics as 
currents on the semi-stable locus. 

4.2.1. The non projective case. In this section, we briefly explain how to construct 
balanced metrics for Calabi-Yau manifolds which are not necessarily projective. 



We will deduce from Section 4.1 a way to define Weil-Petersson metrics for general 
Calabi-Yau manifolds. Although Ricci flat metrics transform trivially along rays of 
the Kahler cone and one can always approximate real rays of the Kahler cone by 
rational rays (and hence, approximate non-projective manifolds by projective ones), 
it is interesting to develop techniques that allow to study Calabi-Yau manifolds 
which are intrinsically non-projective. 

Let us consider v a (n, 0)-form on a Calabi-Yau manifold X. In |Kel] . it is 
proved that the sequence of ^-balanced metrics in an integral class converges to 
the solution of the Calabi problem, that is the Kahler metric ojoo solution of the 
complex Monge- Ampere equation 

(4.8) <=MP. 

We explain now how one can build a sequence of balanced metrics if there is no 
polarization on the manifold. Given a Calabi-Yau manifold X and a Kahler class 
a > 0, one can consider a Spin structure C c with ci(£ c ) = — Kx + a = a [HitJ. 
Using the Clifford connexion on A(T*^ ' 1 ^ X), it is possible to construct a Spin c 
Dirac operator 

D c : n°'-{X,£c)^n°'-(X,£c) 
which is a first order differential operator. Now, the fact that a is positive induces 
a spectral gap for D c when considering higher tensor powers of C c . This means, 
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that for the induced Dirac operator D£ on Q°''(X,jC^) 

Spec((D c k ) 2 ) c {0} U [kC + Ci,+oo[ 

for two fixed constants Cq,C\ and k sufficiently large |M-MI Theorem 1.4.8]. Fur- 
thermore, one can consider for k sufficiently large, the Kernel ker (£>$:) 2 = kerD£ 
which is a finite dimensional vector space (since X is compact). The Bergman ker- 
nel is the kernel of the orthogonal projection from L 2 (X, C c ) to ker with respect 
to L? metric induced by the fibrewise metric and the volume form v A v. One 
can write it as 

dim ker 

B k (h L )(x,y) = ]T SiW^Siiy)*^ £ C°°(X x X,AT*^X) 

i=l 

where (Si) forms an orthonormal basis of kcrDj:. 

Definition 7. Given (X, lu, J) a compact Kahler manifold with complex structure 
J and Kahler form u>, and given v a (n, 0) form, we define a ^-balanced metric 
/ifc € Met(£g) of order k, a Hermitian metric on the Spin" structure L k c such that 
the associated Bergman distorsion function is constant 

n tu \i \ dim ker Df 

B k (h k ){x,x) = — r — * 

\ x v hv 

for all x € X. 

From the asymptotic expansion given in |M-M| Theorem 4.1.3], it is clear that if 
the normalized sequence of ^-balanced metrics (/i/ c ) 1 / fc converges in smooth topol- 
ogy then the limit has flat scalar curvature, and by uniqueness, is the Calabi-Yau 
metric on X living in the class a. 

On another hand, given a balanced metric on one can obtains a metric on 



ker Di by the Hilbertian map described in Section 4.1 Since the Fubini-Study map 



FS k : Met(£k) -> Met(ker£>£) can also be defined, it makes sense to wonder if the 
induced map T — Hilbk, v °FSk admits a fixed attractive point like in the projective 
setting. This comes directly from |Don6l Proposition 3, Proposition 4] (where one 
replaces the space of holomorphic sections by ker ) which do not require to work 
with integral classes. Furthcmore, we can prove that ^-balanced metric do always 
exist in that context. 

Theorem 5. Given X a Calabi-Yau manifold, v a (n,Q)-form and a a Kahler 
class on X, there exists for k sufficiently large a v-balanced metric h k of order k. 
When k tends to infinity the curvature of (h^) 1 ^ converges in smooth topology to 
the Calabi-Yau metric on X in the class a. 

Proof. The proof is similar to |Kel[ Theorem 3] and we just focus on the main 
differences with it. One needs to extend the work of X. Wang [Wan2, Theorem 
1.2] to our situation and apply it with the trivial line bundle. From Yau's solution 
to the Calabi conjecture |Yau| . we know that in the Kahler setting, we can solve 



Equation (4.8), and this is the crucial argument of the proof. Then, one notices 
that the //-balanced metric is a balanced metric in the sense of Wang for the Kahler 
metric oJoq. Starting with S the trivial line bundle over X, one can modify like in 
the proof of |Wan2l Theorem 4. 1] the metric on £^ in order to force the distorsion 
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function to satisfy: 

„ / , s / s dim ker Di ( _ / 1 
B k ih h Hx,x) = 1 ^(l + 0( J j 

for a fixed integer q > 0. The key ingredient here is that one can deform inductively 
the trivial metric on £ and that this deformation is controled by the operator 
y/—lAdd which is invertible |LTj . This gives a sequence of "approximate" re- 
balanced metric on Met(£ <g) L k ) = Met(C k ). 

The second step of the proof requires to launch the gradient flow of the norm 
of the moment map associated to the ST/(ker D^) action in order to move on an 
SX(ker £)^)-orbit from the approximate z/-balanced metric to a ^-balanced metric. 
This is possible if one controls precisely the differential of the moment map at 
starting point of the flow, that it the approximate ^-balanced metric. This estimate 
is based actually on some L 2 -estimates involving the fact that (D^) 2 is an elliptic 
operator. For instance, a consequence of the spectral gap and the localisation 
techniques is that for s € ker(_D£), ||V^s||? 2 < ck n+3 ||s||?2 for c > a fixed constant 
|M-M1 Sections 4.1.4, 4.1.5]. This gives in particular the analog of [Wan2, Lemma 
3.1] in our setting. Moreover, using the fact that we are working with a trivial line 
bundle, we can use directly the basic elliptic estimate for (Df,) 2 M-M, Theorem 
A. 3. 2] in order to obtain the analog in our situation to |Wan2, Proposition 3.4 (ii)]. 
Thus, we obtain all the required estimates to apply Donaldson's argument [Don4 
Proposition 17] and complete the proof of Theorem [5] □ 

Then, for a holomorphic family X t of Calabi-Yau manifolds (non necessarily 
projective) it is natural to define a quantized Weil-Petersson metric: 

Definition 8. For k » sufficiently large, let H t <E Meb(H°(X t , C k )) be the re- 
balanced metric of order k in the sense of Definition [7] For Vi,v 2 £ fi ' 1 !^ ' 1 ' X t , 
we define the following Kahlcr form over TT, 

fik(vi,W2) = ^H"' 13 / (<9 _1 (t)ias a ),5~ 1 (w 2 9s / 3)) F s(i/ t ) I/ t A v u 
Jx t 

for (s Q ) an orthonormal basis with respect to Ht. 

From Theorem [3j we obtain again the convergence of the sequence of £lk to the 
Weil-Petersson in C°°-topology. 



4.2.2. The vector bundle case. The construction in Section [4.11 admits also an ana- 
log for holomorphic vector bundles equipped with Hermitian-Einstein metrics. We 
consider now a smooth projective manifold X of complex dimension n with po- 
larization (£, he), and a fixed Kahler form u>x on X. We assume for simplicity 
that the Picard group of X is Z. Let £ be a holomorphic vector bundle or more 
generally a torsion free sheaf over X. £ is said to be Gieseker stable (resp. Gieseker 
semistable) if for any coherent subsheaf T ', one has the following inequalities for 
the respective slopes: 

h*{T®C k ) h»{£®C k ) 

(4-9 T7tt\ — < 1 ( c\ v es P- ^ 

rank^y 7 ) rank(t) 

for any k sufficiently large. A polystable bundle is just a direct sum of stable bun- 
dles. 

As it is well-known, Mumford-Takcmoto stable bundles arc Gieseker stable, while 
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thanks to the celebrated Kobayashi-Hitchin correspondence, irreducible holomor- 
phic vector bundles carry a Hermitian-Einstein metric if and only if they are 
Mumford-Takemoto stable. The interest of working with Gieseker stable bundles 
rather than Mumford stable ones is to obtain quasi-projective schemes when con- 
sidering their moduli. Let us be more explicit. We fix r — rank(£), det(£) = T> 
and h°(£ g) C k ) = x(fc). We consider the space 

r 

3 = FHom(/\C x{k) ,H°(V® C k ))* 

equipped with the polarization Os(l). Then a result of D. Gieseker |Gie] asserts 
that for k sufficiently large, G.IT stable (resp. semistable) points of 5 with respect 
to the polarization O x (l) and the action of SL(x(k)) correspond to Gieseker stable 
(resp. semistable) bundles £. If the orbit is closed under the action of SL(x(k)) then 
the corresponding bundle is actually polystable. One can even replace Gieseker's 
construction in the context of Quot scheme. Let us fix a polynomial x(T) G Q[T] 
of degree n and let us consider V a complex vector space of finite dimension x(fc). 
There exists a Quot scheme 

Quot = Quot(V <g> L~ k ,x(k)) 

of torsion free quotients of the form 

[V ® £- k -> £ -> 0] 

with Hilbert polynomial equal to %, that is h°(£ <8> C k ) = If one considers 

S C Quot the subscheme of all quotients which are semistable torsion free sheaves, 
then there is a morphism 

p: 6 -> 3 

where & denotes the closure of 6 in the Quot scheme. This morphism restricted 
to & is injective and maps 6 to the set of G.I.T semistable points 5 SS C 5 with 
respect to 0^(1) an d the SL(x(k)) action |HL] , For G.I.T stable points 5 s , one 
can identify p -1 (S s ) with the subscheme of stable sheaves 6 s inducing a quasi- 
projective scheme Mv,c,x := & s / 1 S L{x{k)) , the moduli space Mv,c,x of Gieseker 
stable torsion free sheaves with fixed Hilbert polynomial. Hence, our situation is 
summed up by the following diagram: 

U niv Quot 

L 

ex X Ex X 

where UnivQ uo t denotes the universal quotient sheaf over Quot. If we set n-i : & x 
X X the projection to the second factor, one can consider a natural Kahler 
structure over the smooth points of 6 s : 

where wfs,h is the Fubini-Study metric on 5. The natural moment map associated 
to the SL(x(k)) action and with respect to f2 is given by 

ti(£) = [ p F s.~^f € Lie(SU( X (k))*, 
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and hfs,^. is the natural moment map on S for the same action. Holomorphic 
vector bundles £ such that fi(£) = correspond to Gieseker polystable bundle and 
for those bundles, there exists a "balanced" metric on H°(£ eg) C k ). This metric is 
actually a fixed point of a generalized T-map. Let us be more explicit. One can 
define two natural maps associated to the bundle case: 

• The 'Hilbertian' map, 

Hilb k : Met(£ <g> C k ) -> Met(H°(X, £ ® C k )) 

such that 

Hilb k (h)(s,s)= [ \s\l°^. 

Jx n\ 

• The 'Fubini-Study' map, 

FS k : Met(H°{X,£®C k ))->Met{£®C k ) 



such that 



x(k) 



ys^s; Fs ^ H) = ^- id 

h rf x ci(£) n 



where Si is an ii-orthonormal basis of holomorphic sections of H°(£®£ k ). 
Then, balanced metrics for the bundle £ correspond to fixed points of the map 
T" = Hilbk ° FSk- If the bundle £ is Gieseker polystable, then T' admits a unique 
attractive fixed point. We are ready to define a notion of quantized Weil-Petersson 
metric for a family £ t — > X of Hcrmitian-Einstcin vector bundles over (X, C,ojx) 
with fixed differential structure E — > X. 

Definition 9. For k » sufficiently large, let H t £ Met(H°(X,£ t ® C k )) be the 
balanced metric of order k. For Vx,v% € ^l 0,1 (X, End(E)), we define the following 
Kahlcr form, 



Jx n - 
for (s Q ) an orthonormal basis with respect to H t . 

Note that the convergence of fife is a consequence of the main theorem of (Wan2 
and Section 14.1.21 

4.3. Numerical computation of the metrics. In |Don6j . Donaldson showed 
how to numerically compute balanced metrics and ^-balanced metrics, in order to 
approximate cscK metrics on varieties and Kahler Ricci flat metrics on Calabi-Yau 
manifolds. Such metrics can be constructed explicitly if one has analytical control 
on the projective embeddings and knows how to evaluate integrals. The same 
technical difficulties arise if we want to evaluate quantized Weil-Petersson metrics 
on moduli spaces (4.7). For any basis of sections {s a }a=i > an d definite positive 
Hermitian matrix H a g on the vector space H°(X to , C k ), one can introduce a L 2 - 
product on f2°(£ fc ) defined as 

(4 ' 10) <CT1 ' ° 2) = vol(k) L (H™ss-8i VtoAVt0 ' 

with vol(X to ) = J x ^t A^tj, and cti, 02 € fl°(£ k ). If the restriction of (4.101 on 



H°(X to , C k ) C L 2 (X to , C k ) is identical to the inner product defined by H, one says 
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that the Fubini-Stud y metr ic defined by H on FH°(X to , C k )* is v- balance^ as we 



have seen in Section |4.1.3| One can find the balanced metric on X tg e — > V N by 
introducing any initial definite positive Hermitian matrix H(0) on H°(X to , C ), 
and iterating the map, T: Met(iJ°(£ fc )) -> Met(iJ°(£ fe )) 

(4.11) *(« + 1) Q , = T(H(a)U = £ (fl(fl) ^ M^ 

up to reaching convergence. 

Let v denote an infinitesimal deformation on the moduli space, v £ T to T . In order 
to find the infinitesimal deformation of the balanced embedding for the manifold 



X to + v into P and be able to evaluate (4.7 1 , it is convenient to work with a family 



of line bundles on X. If 7r: X — > T denotes a family of complex structures on 
X, with 7r (t) = X t , there exists a holomorphic line bundle S k — ► A" such that 
<S jt = £^ — > X t . In other words, the restriction of 5 fc to the fibers of ir: X — > T 
is identical to the holomorphic polarization £^ on X t . The natural Hermitian 
structure on C k — > X t whose curvature is the corresponding Kahler Ricci flat metric, 
lifts to a Hermitian structure on S k — > <Y. When we approximate the Kahler Ricci 
flat metrics on X t by balanced metrics, S k — > <Y also admits a compatible Hermitian 
structure. More precisely, if {s a (t,t) = r] a (t, t)et}v3f is a basis of holomorphic 
sections for H°(X t , £ k ), et is the holomorphic frame in a local trivialization, the 
parameters t denote the moduli dependence, and H (t, t) is the associated balanced 
Hermitian matrix, we endow S — > A 7 with the Hermitian metric 

Therefore, given the diffcomorphism between X t(l and X to + v , defined in local holo- 



morphic coordinate charts (3.1|, as 

y l = w i + v a tf a (w,w) + 0(v 2 ), 

one can compute the infinitesimal deformation of the embedding X to + v P , as 
the covariant derivative of s a (t) 

(4.13) Wvr)a t t = v a ^e t + v a h^^r ]a e t , 

dr] a drj a 



where -^jr- — -r^-'d' l a ('w,w). In other words, if e(y) is a holomorphic frame for 
C k +tv — > X to + v , we can write the basis of holomorphic sections as 

(4.14) 8 a (y) = r) a (y)e(y) = r) a (w)e(w) + V v rj a (w, w)e(w) + 0{v 2 ). 

The proof is straightforward. Thus, V v r] a e are smooth sections in L 2 (X to , C k ) that 
represent components of vector fields along T 1 '°|x t() P Ar - The sections V ' v r\ a e € 
L 2 (X to , C k ), can be expressed as the sum of a holomorphic section plus a non- 
holomorphic section, because of the decomposition 

L 2 (X t0 , C k ) = H (X to , C k ) © H (X t0 , C k ) ± 



under the L -metric defined in (4.101. As we need the normal components of 



V„?7 a e to H°(X tg ,£ k ), we have to project out the holomorphic part, Pt V v r) a e S 

2 In this section, we will refer to ^-balanced metrics simply as "balanced metrics." 
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H°(X to , C k ). The holomorphic part of V„7y a e is computed using the Bergman ker- 



nel projector P ta : L 2 (X to ,C k ) 
one can express Pt as 



(4.15) 



N ■ 



vol(X t0 ) 



H°(X to , C k ). In an orthonormal basis {s' a } 



J"t A V to . 



N+l 
1 



Therefore, the term (1 — Pt )V t ,r7 a e denotes the projection of V v r) a e onto the or- 
thogonal complement in V (T x '°\x P w ) of the subspace defined by the infinitesimal 
action of GL(N+1, C), which is isomorphic to H°(X to , C k ). Hence, the "quantized" 
Weil-Petersson metric (4.7 1 can be written as: 



(4.16) n k (v u v 2 ) 



vol(X t0 ) 



((l-P tn )V VlV ) a ((l-P t0 )V V2 r,)s 



x 



Here, the basis of sections {s a — T)ofi\a=i ^ s n0 ^ necessarily orthornormal, although 
due to the simplicity of Pt when expressed in an orthonormal basis (4.15), it is 
convenient to work with {s a } a ^l orthonormal (where H = 1). 
Thus, evaluating ( 4.16[ ) involves: 

• Building an explicit basis of sections {s a = r] a e}^ x for H°(X to , C k ), with 
k = 1, . . . , kmaxi and k max some maximum value of k that one can handle 
numerically. 

• Developing a numerical algorithm to evaluate integrals on X under the 
measure v ta A V to , as we did in Section 3.1. 

• Computing the balanced metric by iteration of the T-map, (4.11). 

• Choosing a basis of infinitesimal diffcomorphisms •d l a {w 1 w) on X tg , isomor- 
phic to the basis ^ for T to T ~ H x {X to ,il n ~ x ). 

• Solve the linearized balanced equations for dt a H a g: 



(4.17) 



dH af3 
dt a 



where £o 



to 



V a r] a es 



x 



-Vf A vto +to 



4 /3 



dv t 



X 



iH- 



to 



dv t 

vol(X to ) J x dt a 

N+l 



A v ta x 



X 



)v s s s s^ dt a 
vt a j%; 



A^to 



This is a non-trivial system of linear equations, as 



L a g is contained in the V a r] a term. One can solve (4.17 1 by using Gauss' 
elimination method, or one can solve it iteratively by using dt a H a g(fi) = 
as initial value and interpreting Eq. (4.171 as a linearized T-map. 

• Computing V a r]a, given gt al3 , and its projection (1 — Pt )V a f7a, (4.151. 

• Finally: Evaluating the inner products (4.161. 

4.4. Example: the family of Quintics. We implemented the algorithm that 
we have just described, for the family of Quintic 3-folds Q t in P 4 defined by the 
polynomial 

P(Z) = Zl + Z\ + Z\ + Z\ + Z\ - MZoZ^ZsZi. 

We studied the region of the i-plane given by < \t\ < 3 and < arg(t) < 27r/5, 
as we did in the examples of sections 2 and 3. We divided the region in a lattice 
of more than 300 points, and computed the corresponding balanced metrics for 
embeddings in linear spaces of sections, up to degree k = 6. We chose monomials 
of degree k defined on P 4 , modulo the ideal generated by P(Z), as the basis of 
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1 / 
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Figure 7. Kahler metrics (vertical axis) on the i-plane (horizonal 
plane), of Calabi-Yau Quintic threefolds Z\ + Z\ + Z\ + Z\ + 
Z\ - btZ a ZiZ 2 Z z Zi, for k = 1, 2, 3, 4, 5, and 6 vs the exact 
Weil-Petersson metric. 



sections. We evaluated the integrals that appear in the T-map (4.11 1 by using the 



Monte Carlo method described in section 3. In order to compute the variation of 

di 



the sections we used the infinitesimal diffeomorphism defined by (3.5), with 



(4.18) 



dr] a _ y-, di] a dwi _ s^-y drj, 



dt 



i=i 



dwi dt 



f-f dw, 

i—i 



■t9 1 (w, w). 



For this family of Quintics, the equation ( |3.5| that defines our choice of vector field 
■& l (w,w), becomes 



(4.19) 



■d l {w,w) 



Qil d-pjw) 
dwT 



Qmn 9p(w) dp(w) 



(-5wiW 2 W 3 W4), 



with G lJ the inverse of the Fubini-Study metric in 

J4 



dinates on Q t c 



and Wi — Zi/Zo local coor- 



Given the Hermitian metric (|4.12l 
ht = 



(H-^(t,t)s(t) s s(t)^ 
we can compute the covariant derivative \7tVa& as 

Vt^e = |^>, w)e - | ((H-y^t, I)r/(i) 5 r](t» 



77a e 



■ =i 



(H-^(t } t) v (t) s fj(t)^ 



which we computed by using (4.181, and solving the linearized balanced equations 
(4.171 for . The method that we implemented to solve the linearized bal- 
anced equations, consisted in iterating the linearized T-map; such iterating scheme 
reached good estimates of the solutions within 5 or 6 iterations. In Fig. [7] we plot 
the sequence of metrics fife, defined in (4.161, for k= 1,2,.. .,6. The time that took 
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to compute each value f2fc(i, t) per point in the i-plane, was approximately equal to 
4 times the time needed to compute the balanced metric. One can observe that for 
\t\ large, the rate of convergence of the sequence is higher than in other regions of 
the i-plane. In points near the Fermat Quintic, t = 0, and for k = 6, the quantized 
Kahler metric is approximately 0.07, and the exact value 0.19. One expects devia- 
tions smaller than 0.01 in this region of the t-plane, when k > 12. The worst rate 
of convergence is located near the points t — exp(2y / — l7rZ/5), where Q develops 
double point singularities. In such region of the family, the approximation of the 
corresponding Ricci flat metric by ^-balanced metrics, is also much less accurate. 
One should develop further techniques to approximate accurately the metric near 
singular points of the moduli space. 

One can explain intuitively why this scheme is not so accurate near singular 
points. The limit k 3> 1 corresponds to the semiclassical limit, in Kahler geometric 
quantization, of (X,uj) with Planck's constant h = vol ( x ^ — . Due to quantum 
uncertainty in regions of volume smaller than h n , one expects that accurate ap- 
proximations of geometric features in X occur when the size of such features is 
bigger than v °^^ — v °fcif ' - ; i.e. the characteristic volume where such features are 

located is bigger than vol fc ^' - 1 . Therefore, as a singularity is a geometric object of 
zero volume, these numerical constructions should fail near singularities. 



5. Conclusion 



Weil-Petersson geometry of moduli spaces of polarized Calabi-Yau manifolds is 
a rich arena to study different methods that approximate Weil-Petersson metrics. 
In this paper we have introduced different algorithms and compared them with 
exact results. First, we have introduced a very fast algorithm to compute Weil- 
Petersson metrics by combining formulas for local deformations of the holomorphic 
form with Monte Carlo integration techniques. Also, by using the machinery of 
G.I.T, we have introduced a sequence of quantized Weil-Petersson metrics that 
converge to the Weil-Petersson metric. Building on ideas developed in Section 3, 
we have shown how these quantized metrics can be computed numerically. We have 
pointed out how one can use analogous ideas to compute metrics on moduli spaces 
of non-projective Calabi-Yau manifolds and moduli of stable vector bundles. 

Another — more difficult and slower — way to approximate Weil-Petersson metrics 
involves to evaluate the Weil-Petersson formula itself on a family of balanced met- 
rics; instead of a family of Kahler-Einstein metrics on varieties or Hermite-Einstein 
metrics on bundles. In other words, instead of using (4.161 to approximate Weil- 
Petersson metrics one could evaluate 
(5.1) 

Tfc(i>i, v 2 ) = 



1 



vol(X t ) 



- - ft 

V l V 29t a— 
X OWj 



-idh t 
dt a 



d 



-idh t 
dt h 



with h t the family of balanced metrics defined in Eq. (4.121. As the formula (5.1 ) 
would become the Weil-Petersson metric if h t was Hermite-Einstein, as in |ST| . 



one expects that if h t is balanced, Eq. (5.1 1 should converge to the Weil-Petersson 
metric in the k — > oo limit. We have implemented an algorthim to compute this 
metric on the family of Quintics that we have studied in this paper. As one can 



see in Eq. (5.1 1, it is slightly more difficult to implement this formula numerically 



due to the higher number of derivatives. Also, the numerical calculation itself is 
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Figure 8. Evaluation of the Weil-Petersson formula (5.1l at a 
family of k — 1 balanced metrics on Calabi-Yau Quintic 3-folds, 



much slower in comparison with a numerical evaluation of (4.161. For instance, 



to compute the metric (5.1l for k = 3 took as much time as computing (4.16) for 
k = 6. Due to problems with the speed of the numerical calculation, we decided 
not to resume a detailed analysis of a numerical method based on Eq. 



(5.11 



Many other problems could be studied in further depth using our approach to 
compute numerical Weil-Petersson metrics. For instance, as an application, one 
could try to estimate the Weil-Petersson volume of the moduli space of Calabi-Yau 
quintics. 
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